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In this article we show that the maximum size for the intersection
of two distinct ovoids of PG(3,q), q even, is 12q
2 +1. This is 12q less
than the old bound of 12 (q
2 + q + 2) given by Segre.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
An ovoid Ω of PG(3,q) is a set of points with no three collinear, such that for any point P ∈ Ω ,
the union of the lines meeting Ω in just P forms a plane. When q > 2, this is equivalent to saying
that Ω is a set of q2 + 1 points, with no three collinear. In [4], Segre proved that if K is a set of
1
2 (q
2 + q + 4) points contained in an ovoid Ω , then Ω is in fact the only ovoid containing K . We
may state this result in terms of the intersection of ovoids:
Theorem 1.1. (See [4].) Let ΩA and ΩB be two distinct ovoids of PG(3,q). Then ΩA and ΩB share at most
1
2 (q
2 + q + 2) points.
In this article, we improve this bound in the case when q is even. In fact, we prove this result:
Theorem 1.2. Let ΩA and ΩB be two distinct ovoids of PG(3,q), q even. Then ΩA and ΩB share at most
1
2q
2 + 1 points.
The reader is assumed to be familiar with the basic properties of ovoids and is referred to
[3, Chapter 16] for further information. We will, however, deﬁne some terminology.
Let Ω be an ovoid of PG(3,q). A line meeting Ω in one point is called a tangent, a line meeting Ω
in two points is called a secant and a line not meeting Ω is called an external line. A plane meeting Ω
in a single point is called a tangent plane. Note that from the deﬁnition of an ovoid, there is precisely
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three collinear. Such planes are called secant planes.
Let ΩA and ΩB be two ovoids of PG(3,q). A point in both ovoids will be called a shared point.
Similarly, a line is called a shared tangent when it is a tangent to both ovoids, and a plane is called
a shared tangent plane when it is a tangent plane to both ovoids. Note that a shared tangent  may
meet the two ovoids in different points; that is, it may not contain a shared point. However, if  does
contain a shared point, then this is certainly the only point of either ovoid on . The same applies to
shared tangent planes.
In the next section, we will give the properties of shared tangents and shared tangent planes that
will be used to prove Theorem 1.2.
2. Relationships between shared points, shared tangents and shared tangent planes
In order to prove Theorem 1.2, we must investigate the relationship between the number of shared
points, shared tangents and shared tangent planes of two distinct ovoids. First we ﬁnd a relationship
between the number of shared points and shared tangent planes. The proof of the following result
was given by Bruen and Hirschfeld [1] for elliptic quadrics. Here we prove it for general ovoids.
Lemma 2.1. Let ΩA and ΩB be two ovoids of PG(3,q). Then they have the same number of shared points as
shared tangent planes.
Proof. Let x be the number of shared points of ΩA and ΩB and z the number of shared tan-
gent planes. Consider the set X = {(P ,π) | P is a point of ΩA , π is a tangent plane to ΩB , P ∈ π }.
We count the size of X in two ways:
1. Count P ﬁrst, then π : If P ∈ ΩB , then it is on one tangent plane to ΩB . If P /∈ ΩB , then it is on
q + 1 tangent planes to ΩB . Thus |X | = x · 1+ (q2 + 1− x)(q + 1) = (q + 1)(q2 + 1) − qx.
2. Count π ﬁrst, then P : If π is a tangent plane to ΩA , then it has one point of ΩA . Otherwise,
π has q + 1 points of ΩA . Thus |X | = z · 1+ (q2 + 1− z)(q + 1) = (q + 1)(q2 + 1) − qz.
Hence, (q+ 1)(q2 + 1)− qx = (q+ 1)(q2 + 1)− qz and so x = z. That is, there are the same number
of shared points as shared tangent planes. 
Note that the above theorem tells us nothing about whether the shared points are on the shared
tangent planes. However, as discussed in Section 1, if a shared tangent plane π contains a shared
point P , then P is clearly the only point of either ovoid in π , and π is the tangent plane at P with
respect to both ovoids.
We now turn our attention to the shared tangents. If Ω is any ovoid of PG(3,q), q even, then the
q + 1 tangents to Ω through any point P always form a plane, even if P is not on Ω . Also, the q + 1
tangents in a plane π always pass through a single point, even if π is a secant plane. Thus the set of
tangents to Ω is a general linear complex, and the map that interchanges a point P with the plane
made by the tangents through P is a null polarity. The tangents to Ω are precisely the ﬁxed lines of
this polarity. This allows us to easily ﬁnd the structure of the shared tangents:
Lemma 2.2. Let ΩA and ΩB be two ovoids of PG(3,q), q even. If ΩA and ΩB do not share all of their tangents,
then the shared tangents form one of the following conﬁgurations:
• a regular spread;
• the transversals to two skew lines;
• q + 1 pencils, all sharing a line.
Proof. Under the Klein correspondence, the lines of PG(3,q) correspond to the points of the Klein
quadricK in PG(5,q) (see [3, Chapter 15]). A general linear complex corresponds to a 4-space section
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by a 4-space in PG(5,q). Let ΣA be the 4-space of PG(5,q) deﬁning the tangents of ΩA and let ΣB
be the 4-space deﬁning the tangents of ΩB . If ΣA = ΣB then the two 4-spaces meet in a 3-space Π .
The points where Π meets K correspond to the shared tangents of ΩA and ΩB .
Now the 3-space sections of a non-singular quadric in PG(4,q) are an elliptic quadric, a hyperbolic
quadric, or a quadric cone. These correspond respectively to a regular spread, the transversals to two
skew lines and a special set of q + 1 pencils which all share a line (see [3, Chapter 15]). 
The following lemma allows us to describe in more detail the second conﬁguration of shared
tangents from Lemma 2.2:
Lemma 2.3. Let Ω be an ovoid of PG(3,q), q even, with associated polarity σ . Let  be a line not tangent to Ω
and let m = σ(). Then the tangents to Ω meeting  are precisely the transversals to  and m.
Proof. Let P be a point of . Then the tangents to Ω through P are precisely the lines through P in
the plane σ(P ). The line  is not a tangent to Ω , so  does not lie in σ(P ). Thus σ() =m does not
pass through P . Hence, the transversals to  and m through P are precisely the lines through P in
the plane spanned by m and P . This plane is denoted by 〈m, P 〉.
Now since  is not in σ(P ), we have P =  ∩ σ(P ), and so σ(P ) = 〈σ(), P 〉 = 〈m, P 〉. Hence, the
tangents to Ω through P are precisely the transversals to  and m through P . Since this is true for
each point P on , the tangents to Ω meeting  are precisely the transversals to  and m. 
Using the above two lemmas, we may now relate the number of shared tangents to special con-
ﬁgurations of shared points and shared tangent planes:
Lemma 2.4. Let ΩA and ΩB be two ovoids of PG(3,q), q even. Suppose there exist two shared points P
and Q , each lying in a shared tangent plane. Then all tangents to ΩA meeting the shared secant P Q are
shared tangents.
Proof. Let σA be the polarity of ΩA , σB be the polarity of ΩB and let  = P Q . Since P lies on a
shared tangent plane, σA(P ) = σB(P ). Similarly σA(Q ) = σB(Q ). Thus, σA() = σA(P Q ) = σA(P ) ∩
σA(Q ) = σB(P ) ∩ σB(Q ) = σB(P Q ) = σB().
Now Lemma 2.3 implies that the tangents to ΩA meeting  are the transversals to  and σA(),
and the tangents to ΩB meeting  are the transversals to  and σB() = σA(). So the tangents to ΩA
meeting  are also tangents to ΩB . That is, they are shared tangents. 
Lemma 2.5. Let ΩA and ΩB be two ovoids of PG(3,q), q even. Suppose that there exist three shared points
each lying in a shared tangent plane. Then ΩA and ΩB share all of their tangents.
Proof. Let P , Q and R be three shared points, each lying in a shared tangent plane. Then by
Lemma 2.4, ΩA and ΩB share all tangents meeting the line P Q . By Lemma 2.3, these shared tangents
are the transversals to two skew lines. Now Lemma 2.2 implies that if ΩA and ΩB share any further
tangents then they must share all of their tangents. However, by Lemma 2.3, ΩA and ΩB also share
all tangents meeting Q R and RP . Thus ΩA and ΩB share all of their tangents. 
It is this lemma that will be crucial to the proof of Theorem 1.2.
3. Bounds on the intersection of ovoids
We are now able to make an improvement on the old bound given in Theorem 1.1. First we need
a bound for the case when the two ovoids share all their tangents. The following result was proved
by Glynn [2] using representations of inversive planes. We give a different method here.
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and ΩB share at most
1
2q(q − 1) points.
Proof. Let K = ΩA ∩ΩB and let P be a point of ΩB not in ΩA . Let X be a point of K and consider
the line P X .
The line P X is a secant to ΩB , so it contains no further point of K . Also, since all tangents to ΩA
are tangents to ΩB and P X is a secant to ΩB , P X cannot be a tangent to ΩA . Finally, P X contains
the point X of ΩA , so it is not an external line to ΩA . Thus P X is a secant to ΩA . Hence, all points
of K lie on secants through P and each such secant contains at most one point of K . There are
1
2q(q − 1) secants to ΩA through P , so we have at most 12q(q − 1) points of K . 
Note that in the above proof, the argument only requires the two ovoids to share all tangents
through a point in one but not the other.
We are now able to give the proof of Theorem 1.2
Theorem 1.2. Let ΩA and ΩB be two distinct ovoids of PG(3,q), q even. Then they share at most 12q
2 + 1
points.
Proof. Suppose ΩA and ΩB share at least 12q
2 + 2 points. Then they must also share at least 12q2 + 2
tangent planes by Lemma 2.1. Each of these tangent planes contains precisely one point of ΩA . There
are at most 12q
2 − 1 points of ΩA \ΩB , so we have at most 12q2 − 1 shared tangent planes containing
a point of ΩA \ ΩB . This leaves at least three shared tangent planes containing a point of ΩA ∩ ΩB .
However, since three shared points each lie on a shared tangent plane, Lemma 2.5 implies that ΩA
and ΩB share all of their tangents.
Two distinct ovoids sharing all their tangents can share at most 12q(q − 1) points, by Theorem 3.1.
But ΩA and ΩB share at least 12q
2 +2 points, which is greater than 12q(q−1). This is a contradiction;
so ΩA and ΩB share at most 12q
2 + 1 points. 
Note that T. Penttila (personal communication) has found examples of Tits ovoids in PG(3,8) shar-
ing exactly 12 × 82 + 1 = 33 points, so the above bound is sharp.
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